Coherent Tunneling by Adiabatic Passage of an exchange-only spin qubit
  in a double quantum dot chain by Ferraro, E. et al.
ar
X
iv
:1
40
9.
17
85
v2
  [
qu
an
t-p
h]
  3
 M
ar 
20
15
Coherent Tunneling by Adiabatic Passage of an exchange-only spin qubit in a double
quantum dot chain
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A scheme based on Coherent Tunneling by Adiabatic Passage (CTAP) of exchange-only spin qubit
quantum states in a linearly arranged double quantum dot chain is demonstrated. Logical states
for the qubit are defined by adopting the spin state of three electrons confined in a double quantum
dot. The possibility to obtain gate operations entirely with electrical manipulations makes this
qubit a valuable architecture in the field of quantum computing for the implementation of quantum
algorithms. The effect of the external control parameters as well as the effect of the dephasing
on the coherent tunneling in the chain is studied. During adiabatic transport, within a constant
energy degenerate eigenspace, the states in the double quantum dots internal to the chain are not
populated, while transient populations of the mixed states in the external ones are predicted.
PACS numbers: 03.67.Lx, 73.21.La, 75.10.Jm
A Coherent Tunneling by Adiabatic Passage (CTAP)
scheme of exchange-only spin qubit quantum states in
a linearly arranged double quantum dot chain is pro-
posed to transfer the information in a quantum circuit
by adopting Gaussian pulses.
Communication among distant qubits is one of the
most challenging requirements towards the implementa-
tion of quantum algorithms in solid state system. CTAP
in chains of quantum dots where logical states are en-
coded by one electron has been theoretically predicted
in Refs.1–4 and later experimentally demonstrated in
GaAs5. The growing interest in quantum computation
pushes towards the realization of practical devices that
interconnect remote sites composing the quantum circuit
to transfer information. Here we extend the formalism of
CTAP to the exchange only qubits introduced in Ref.6
and further developed in Refs.7–10. There, logical states
are defined by adopting combined spin states of three
electrons confined electrostatically in double quantum
dots. In particular the logical states are expressed by
|0〉 ≡ |S〉| ↓〉 and |1〉 ≡
√
1
3 |T0〉| ↓〉 −
√
2
3 |T−〉| ↑〉 where
|S〉, |T0〉 and |T−〉 are respectively the singlet and triplet
states of the spin of a pair of electrons embedded in one
dot and | ↑〉 and | ↓〉 denote the spin-up and spin-down
of the electron in the other dot. The effective Hamilto-
nian model for a single qubit was derived in Ref.11, the
corresponding one for the two qubits case was recently
developed in Ref.12, a universal set of quantum gates is
presented in Ref.13 and an implementation based on Si-
MOS quantum dots compatible with the CMOS indus-
trial technological standards is designed in Ref.14. The
CTAP scheme in our case consists in the tunneling of
the three electrons localized initially in the first double
quantum dot6,15 at the head of the chain to the end by
using all electrical manipulations. The adiabatic pas-
sage takes place when a quantum system prepared in an
arbitrary superposition of eigenstates of the Hamiltonian
changes slowly during the course of time, that is the tran-
sitions between eigenspaces are negligible4,16. In partic-
ular it is demonstrated that for the chain under study
the adiabatic tunneling takes place within the degener-
ate eigenspace with constant energy. Moreover popula-
tion transfer between two distant double quantum dots is
simulated in a double quantum dot chain without occu-
pation in the internal quantum dots. A workable Hilbert
space is provided by both GaAs17,18 and Si19 quantum
dots, where the latter further requires sufficient energy
separation of valley orbitals20.
I. TRANSPORT IN A DOUBLE QUANTUM
DOT CHAIN
The Hamiltonian model of the chain where CTAP is
imposed is introduced. Next the dynamical problem is
solved through a master equation approach.
A schematic of the quantum channel made of an odd
number N of identical double quantum dots is reported
in Figure 1, where the electrons denoted by the black dots
before (a) and after (b) the tunneling have been depicted.
The Hamiltonian model that describes the system un-
der investigation is expressed by the sum of the following
three terms in units of ~:
H =
N∑
i=1
Hi +W (t), (1)
where N is the number of the double quantum dot com-
2Figure 1. Schematic of the tunneling in the quantum chan-
nel with N double quantum dots. The black dots in (a) and
(b) denote the electrons before and after the tunneling. The
quantities indicated by ωi, ω and ωf are the pulses that have
to be furnished by external gates in order to make the tun-
neling possible.
posing the channel. The first terms
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∑
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3∑
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∑
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1↓)(n
i
2↑ + n
i
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are the free Hamiltonians of each double quantum dot
that include the single electron energy level of each quan-
tum dot and the Coulomb interactions6. The terms that
express the application of gate voltages for the coherent
tunneling are given by:
W (t) =W (1)(t) +W (2)(t)
W (1)(t) = −
N−1∑
i=1
ωi,i+1(t)
∑
σ
ci†3σc
i+1
3σ + h.c.
W (2)(t) = −
N−1∑
i=1
ωi,i+1(t)
∑
σ 6=σ′
ci†1σc
i+1
1σ c
i†
2σ′c
i+1
2σ′ + h.c.
(3)
where the first order term refers to the tunneling of the
electron embedded in one quantum dot3 and the second
order term refers instead to the simultaneous passage of
the pair of the electrons contained in the second quantum
dot. Other first order transitions involving the electrons
in the doubly occupied quantum dot are forbidden by
selection rule on the energy.
The series of pulses ωi,i+1(t) considered in the frame-
work of adiabatic tunneling are of Gaussian shape1. In
particular the intermediate pulses are equal among them
but distinct from the external ones that are applied in a
counter-intuitive sequence1, that is from the tail to the
head of the chain in such a way that ωf is applied be-
fore ωi. It has a significant advantages in enabling high
fidelity transfer. The pulses are explicitly expressed by
ωi ≡ ω1,2(t) = ωmaxexp
{
− [t− (tmax/2 + σ)]
2
2σ2
}
ω ≡ ωi,i+1(t) = ωmaxS exp
{
− (t− tmax/2)
2
4σ2
}
∀ 2 ≤ i < N − 1
ωf ≡ ωN−1,N(t) = ωmaxexp
{
− [t− (tmax/2− σ)]
2
2σ2
}
,
(4)
where tmax/2±σ (tmax/2) is the peak time and σ (
√
2σ)
is the standard deviation of the external (intermediate)
double quantum dots composing the chain. ωmax (ωmaxS )
is the maximum tunnelling rate for the transitions be-
tween states of the external (intermediate) double quan-
tum dots. Figure 2 shows the shape of the Gaussian
pulses adopted in the following, where the intermediate
pulse ωmaxS has an amplitude 10 times greater than the
amplitude ωmax of the external pulses to achieve high fi-
delity transfer as reported in Ref.1 and where the values
for tmax and σ are fixed.
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Figure 2. Gaussian pulses as a function of t, for tmax =
10pi/ωmax, σ = tmax/8 and ω
max
S = 10ω
max
We point out that in our case the last double quan-
tum dot of the chain is tuned identically to the first and,
during the passage, the chain forms a single quantum
system. During the time evolution of such single system,
there is no heat exchange and energy remains constant.
The final state cannot be made of two electrons in two dif-
ferent dots, as the Coulomb repulsion energy contributes
to the energy in the initial state. For this reason the
two electrons are coherently transported across the chain
together and processes leading to alternative final states
are forbidden by energy conservation.
Let’s solve the dynamical problem by starting from
Hamiltonian (1). A master equation approach for the
density matrix ρ(t) describing the total system composed
3by N double quantum dot has been adopted. The master
equation1
ρ˙(t) = − i
~
[W (t), ρ(t)] − Γ[ρ(t)− diag(ρ(t))] (5)
where Γ is the pure dephasing rate, assumed to act
equally on all coherences, has been solved numerically.
In Figure 3 the solutions of the master equation (5)
are shown for different values of the parameter Γ and
for different values of the number N of double quantum
dots composing the chain. Starting from the initial con-
dition in which all the three electrons are initialized in
the first double quantum dot, we plot the element ρff of
the density matrix representing the probability of finding
the three electrons at the tail of the chain in the double
quantum dot N . We have chosen to report the results as
a function of the Gaussian parameter tmax, by fixing the
standard deviation to σ = tmax/8 and ω
max = 10.
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Figure 3. Probability ρff of finding the three electrons at the
tail of the chain in the double quantum dot N as a function
of tmax for σ = tmax/8 and ω
max = 10. Each family of curves
represents a different value of the dephasing parameter Γ for
a different number of double quantum dots composing the
chain.
In the ideal case, represented by Γ = 0, perfect transfer
is obtained for tmax greater than a value that increases
with N . For N = 9 a total pulse time tmax greater than
40[pi/ωmax] guarantees the complete transfer.
When dephasing is added (Γ > 0) a perfect transfer
can not be achieved. ρff has a maximum (ρ
max
ff ) at a
value of tmax which varies with N . As expected, ρ
max
ff
decreases when Γ is increased. Setting ωmax = 10µeV ,
in the case of Γ = 0.05[ωmax] = 0.76 GHz (close to
the rate adopted in Ref.9) and by considering a chain
of N = 9 double quantum dots, the optimum value for
tmax is tmax=29.1[pi/ω
max]= 6.01 ns with ρmaxff = 0.94.
The total transfer time is slightly longer than tmax due
to duration of the vanishing Gaussian tail of the broader
pulses applied to the intermediate double quantum dots.
Another source of infidelity in the CTAP is the pres-
ence of miscalibration in the control signals ωi(t), ω(t),
ωf(t) with respect the ideal series of Gaussian pulses. In
Appendix A, the effects on the interaction Hamiltonian
W (t) of an unwanted deviation in the amplitude or in the
peak time of the control signals from the ideal Gaussian
pulses are investigated.
The CTAP is not the unique method which can be ex-
ploited to perform the transmission of quantum states
between two remote qubits connected via a double quan-
tum dot chain. A different approach is based on succes-
sive SWAP operations where the SWAP gate exchanges
quantum states of two adjacent qubits, moving the quan-
tum state of the head qubit towards the tail one in suc-
cessive steps. The comparison between transfer perfor-
mances of the two approaches is presented in Appendix
B.
II. CTAP IN A CHAIN OF THREE DOUBLE
QUANTUM DOTS
A quantum channel made by a chain of three double
quantum dots is here examined in more detail. In this
quantum channel the matrix form of the interaction part
of the Hamiltonian model is here reported:
W =


0 −ωi 0 −ωi 0 0 0 0 0
−ωi 0 −ωf 0 −ωi 0 0 0 0
0 −ωf 0 0 0 −ωi 0 0 0
−ωi 0 0 0 −ωi 0 −ωf 0 0
0 −ωi 0 −ωi 0 −ωf 0 −ωf 0
0 0 −ωi 0 −ωf 0 0 0 −ωf
0 0 0 −ωf 0 0 0 −ωi 0
0 0 0 0 −ωf 0 −ωi 0 −ωf
0 0 0 0 0 −ωf 0 −ωf 0


(6)
with state ordering {|P1S1〉, |P1S2〉, |P1S3〉, |P2S1〉, |P2S2〉,
|P2S3〉, |P3S1〉, |P3S2〉, |P3S3〉}. In the basis chosen P
and S stand respectively for the state of the pair of
electrons in the same quantum dot and the state of the
single electron in the other. The indices 1, 2, 3 refer
to the double quantum dot composing the quantum
channel.
The eigenvalues of the triple quantum dot system with
pulse sequence defined by Eq.(4) as a function of t with
ωmax = 1, tmax = 25pi/ω
max and σ = tmax/8 are re-
ported in Figure 4. Note that there are three degenerate
states at zero energy during the entire pulse sequence, by
granting the adiabatic passage to take place. When the
eigenvalues are degenerate, adiabaticity ensures that the
system stays within the eigenspaces of the initial eigen-
value. Contrarily from the non-degenerate case, the sys-
tem remains in the same eigenstate when the Hamilto-
nian varies.
The three degenerate eigenstates of the Hamiltonian
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Figure 4. Eigenvalues of three double quantum dots system
as a function of time. The state at zero energy is triple de-
generate.
(6) in correspondence to zero energy are:
|D0〉 = 1√
2ω4i + ω
4
f
[−(ω2f − ω2i )|P1S1〉+ ωiωf (|P1S3〉+
+|P3S1〉)− ω2i |P2S2〉
]
|D−1〉 = 1√
2
(
ω2i + ω
2
f
) [ωi(|P1S2〉 − |P2S1〉)+
−ωf(|P2S3〉 − |P3S2〉)]
|D1〉 = 1√
3
(|P1S1〉 − |P2S2〉+ |P3S3〉). (7)
A complete discussion of adiabatic evolution in degener-
ate subspaces can be found in16.
Let’s demonstrate that a combination of the eigen-
states (7) guarantees the adiabatic tunneling. Any su-
perposition of them belongs to the same zero energy
eigenspace, in particular the following superposition is
considered
|D〉 ∝ −|D0〉+ ω
2
i√
2ω4i + ω
4
f
√
3|D1〉 (8)
that after the normalization has the following form
|D〉 = 1
ω2i + ω
2
f
[
ω2f |P1S1〉 − ωiωf (|P1S3〉+ |P3S1〉)+
+ω2i |P3S3〉
]
. (9)
The state (9) is analogous to the states derived in
Refs.4,21–23.
In the adiabatic limit the passage is from the state
|P1S1〉 when t = 0 and ωi ≪ ωf to |P3S3〉 when t →
+∞ and ωi ≫ ωf by maintaining the system in (9),
without population leakage into the other eigenstates and
transient population in states |P1S3〉 and |P3S1〉. Such
time evolution is shown in Figure 5 where the populations
of the density matrix as a function of time starting from
the initial condition ρP1S1(0) = 1 is reported.
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Figure 5. Populations of the density matrix ρ as a function
of time for N = 3, ωmax = 1, tmax = 25pi/ω
max, σ = tmax/8
and Γ = 0
At the end of the process as expected ρP3S3(0) = 1
while all the others are zero, meaning that an ideal trans-
fer takes place. This results is true irrespective of the
number of double quantum dot composing the chain,
the central double quantum dot is always not occupied
through the transit.
The adiabatic tunneling with dephasing is analyzed
by solving the master equation (5) numerically. Figure
6 recaps in a contour plot the populations ρP3S3 when
the dephasing Γ and the peak time tmax are varied si-
multaneously. Within the region with 10[pi/ωmax] ≤
tmax ≤ 40[pi/ωmax] and Γ lesser than 0.1[ωmax] a co-
herent tunneling in a three double quantum dots channel
with ρP3S3 > 0.9 can be achieved.
Moreover the dependence of the tunneling rates ωmax
on the coherent tunneling is calculated. It is governed by
the transitions between the states of the double quantum
dots composing the chain which in turn are controlled
through external gates. In Figure 7 a collection of 3D
plots is reported in which the results obtained by varying
ωmax are shown for different values of the dephasing Γ.
Figure 7 shows the condition that assures a good trans-
fer, which is given mostly by a large value of ωmax. It im-
plies that also for a large dephasing, for example Γ = 0.1,
one can obtain an optimal transfer by choosing an ωmax
ten times greater than in the Γ = 0.01 case.
5Figure 6. Probability ρP3S3 of finding the three electrons at
the tail of the chain for N = 3 as a function of tmax and Γ
for σ = tmax/8 and ω
max = 10.
Figure 7. Probability ρP3S3 of finding the three electrons at
the tail of the chain for N = 3 as a function of tmax and ω
max
for σ = tmax/8. Each plot illustrates a different value of the
dephasing Γ.
III. CONCLUSIONS
A CTAP scheme of exchange-only spin qubit quan-
tum states in a double quantum dot chain is obtained.
The scheme allows the communication between remote
sites composing a quantum circuit based on three elec-
trons spin states in double quantum dots. Unlike to sin-
gle electron or singlet-triplet qubit, double quantum dot
exchange-only spin qubit needs the transfer of three elec-
trons that are used to encode the logical states. The pas-
sage from the initial state to the final one occurs in the
adiabatic limit by maintaining the system in the zero en-
ergy degenerate eigenspace. Population leakage into the
other eigenstates is absent and transient populations are
observed in the three double quantum dot chain. More-
over the role played by the tunneling rates and by the
dephasing on the coherent tunneling is analyzed. An in-
crease in the dephasing parameter corresponds to a wors-
ening in the coherent tunneling that however may be im-
proved by choosing a tunneling rate greater than in the
no-dephasing case.
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Appendix A: Miscalibration analysis
In the following, we analyse how a miscalibrated con-
trol affects the CTAP, considering deviations in the am-
plitude and in the peak time of the Gaussian pulses with
respect the ideal case. The analysis methodology is the
following: after selecting one of the control signals (ωi(t)
or ω(t) or ωf (t)) the corresponding miscalibrated pulse is
obtained by adding a percentage of the ideal amplitude
(peak time) to the selected control signal. Finally, equa-
tion (5) with the miscalibrated pulse is solved. In Figures
8, 9, 10 and 11 we report the resulting absolute value of
the difference between the probability ρff for two devi-
ations (+1 % and +10%) with respect the amplitude of
the ideal Gaussian pulses and the ideal one ρideal as a
function of tmax for N=3,5,7 and 9, respectively. Only
one of the signals features an unideal control.
In Figures 12, 13, 14 and 15, the quantity |ρff -ρideal|
is plotted as a function of tmax when one of the control
signals features a peak time deviating +1% and +10%
from the ideal one for N ranging from 3 to 9.
Such results highlight that the CTAP is more sensitive
to peak time variations of the Gaussian pulses whereas it
better tolerates a miscalibration on the amplitude of the
control signals.
Appendix B: Comparison between CTAP and
successive SWAPs
In the following a comparison between the CTAP and
an alternative method to transfer the quantum state of
a qubit to a remote one is presented. The alternative
method considered here consists to connect two remote
qubits with a chain of qubits and to apply successive
SWAP operations (the SWAP exchanges quantum states
of two adjacent qubits) to move the quantum state of the
head qubit towards the tail qubit. The sequence of effec-
tive exchange interactions to perform the SWAP opera-
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Figure 8. Absolute value of the difference between ρff and
ρideal as a function of tmax for two different variation (+ 1%
and +10%) on the amplitude of ωi(t) and ωf (t) for N=3.
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Figure 9. Absolute value of the difference between ρff and
ρideal as a function of tmax for two different variation (+ 1%
and +10%) on the amplitude of ωi(t), ω(t) and ωf (t) for N=5.
tion between two exchange-only spin-qubits is presented
in14 with a total sequence time tSWAP=11.254 [h/J
max].
In the case of successive SWAPs, the chain of N double
QDs is arranged as highlighted in Figure 16a with a chain
transfer time
ttran = (N − 1)tSWAP h ∆EST
(ωmax)2
(B1)
with ωmax the maximum tunnelling rate between dou-
ble QDs and ∆EST the singlet-triplet energy splitting in
the double occupied QDs. The comparison between the
transfer time of CTAP tmax and the corresponding one
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Figure 10. Same as Figure 9 with N=7.
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Figure 11. Same as Figure 9 with N=9.
for successive SWAPs ttran is shown in Figure 16b as a
function of number N of double QDs for three different
values of the maximum tunnelling rate and with a fixed
∆EST= 500 µeV . The transfer times increase asN grows
for both the approaches, with a linear behaviour for the
successive SWAPs and a sub-linear one for the CTAP.
Given ∆EST , the tunnelling rate plays a fundamental
role in determining which is the fastest approach to be
preferred. In fact, successive SWAPs have to be preferred
for high tunnelling rates whereas the CTAP is faster for
lower rates irrespectively on N . When the tunnelling
rates are closer to ∆EST=500 µeV successive SWAPs
are faster for shorter chains whereas CTAP must be pre-
ferred for farther interconnections. Note that an intrinsic
disadvantage of the approach with successive SWAPs is
the mandatory initial filling of the QDs with electrons
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Figure 12. Absolute value of the difference between ρff and
ρideal as a function of tmax for two different variation (+1%
and +10%) on the peak time of ωi(t) and ωf (t) for N=3.
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Figure 13. Absolute value of the difference between ρff and
ρideal as a function of tmax for two different variation (+1%
and +10%) on the peak time of ωi(t), ω(t) and ωf (t) for N=5.
which is not required in the case of CTAP (see Figure 1).
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